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Arbitrage is defined as the ability to earn a positive return at no risk on a zero investment. By creating such a
portfolio an investor would receive at no cost the possibility of receiving money in the future. In competitive market
economies arbitrages are not permitted to exist. An arbitrage portfolio has the following characteristics...

1 Has zero cost to set up
2 Has non-negative values in the future
3 May be of positive value in the future

We will define a basis asset to be a security with a known payoff vector at time ¢ and a known price at time
zero. The matrix of basis asset payoff vectors may or may not be linearly independent. We will define a complete
market to be a market in which there are m basis assets and m states of the world such that the matrix of basis
asset payoff vectors spans R? (i.e. the matrix of payoff vectors is linearly independent). We will define a focus as-
set to be a redundant security in this market with a known payoff vector at time ¢ but an unknown price at time zero.

Our goal in this white paper is to determine the no-arbitrage price of our focus asset at time zero. To demon-
strate the mathematics we will use the following hypothetical problem...

Our Hypothetical Problem

Assume that we have a market with three basis assets and three states of the world. We will define S; to be a
risk-free bond and Sy and S3 to be risky assets. The basis assets payoff matrix at time ¢ given the state of the
world at that time is...

SOTW S Sy S
1 105 80 50
2 105 120 100
3 105 160 200

The known prices of securities S1, Sz and S3 at time zero are $100, $95 and $92, respectively. The payoff vector at
time ¢ applicable to the focus asset is...

SOTW  Payoff

1 40
2 20
3 50

Question: What is the no-arbitrage price of our focus asset at time zero?

Method One - Redundant Asset Price Solution in Two Steps

We will define matrix A to be a matrix of basis asset payoffs at time ¢ where the rows represent states of the world
and columns represent basis asset payoffs given that state of the world. We will assume that the matrix columns
are linearly independent such that our payoff vectors span R™. The equation for the basis asset payoff matrix is...

ailp a2 ais
A= lax azx a3 (1)
asy as2 ass



We will define vector b to be a vector of focus asset payoffs at time ¢ given the state of the world at that time. The
equation for the focus asset payoff vector is...

b1
b= [by (2)
b3
We will define vector v to a vector of asset prices at time zero. The equation of the basis asset price vector is...
Price of basis asset one vy
v = | Price of basis asset two | = |vg (3)
Price of basis asset three v3

We will define vector W to be a vector of basis asset weights (i.e. quantities of basis assets that we long or short)
at time zero. The equation of the basis asset weight vector is...

wy
W = | W2 (4)
w3

Our goal is to determine the price of our focus asset at time zero. The price of this asset will be the price that
prohibits arbitrage. Since the payoffs on our three basis assets span R? we can perfectly replicate our focus asset
payoffs at time ¢ by taking long and/or short positions in our basis assets at time zero. The cost to build the
replicating portfolio at time zero is the price of our focus asset at time zero. The equation for our replicating
portfolio in matrix:vector notation is...

AW =Db (5)
The price of the focus asset at time zero can be determined in two steps. Step One is to solve for the asset weight
vector. Using Equation (5) above above the solution to the asset weight vector w is...

Step One: w=A"'b (6)

We will define the variable by to be the focus asset no-arbitrage price at time zero. Step Two is to solve for focus
asset price. Using the solution to the asset weight vector in (6) above and using the price vector ¥ per Equation
(3) above the solution to focus asset price at time zero is...

3
Step Two: by =vVWw' =) VW, (7)
i=1

Method Two - Redundant Asset Price Solution in One Step

We can rewrite the payoff matrix as a matrix of payoff vectors. Using Equation (1) above the payoff matrix can be
rewritten as follows...

ari ai2 ai3
A= |:51 52 5:3:| ...where... 51 = [a21 ...and... 52 = [a22 ...where... 53 = |a23 (8)
a3 32 asz3

Using Equation (8) above we can rewrite Equation (5) above as...

. a1 ai2 a13
b = wia| + wodly + w3z = wy |G | + w2 [az| +ws |as 9)
a3 a32 a33

Using the basis asset prices at time zero per Equation (3) above we can rewrite Equation (9) above as...

. ai1/v1 aiz/va a13/vs
b =viwy |ag1/vi| + vows |age/ve | + vsws |ass/vs (10)
a31/01 a32/v2 033/113
If we make the following definitions...
011/111 a12/U1 a13/v1 V1w
A" = agl/’l)g (122/’02 (123/’[)2 ..and... wh = VW2 (11)
as1/vs asp/vs ass/vs v3W3



Using Equation (11) above we can rewrite Equation (5) above as...
A*W* =b ..such that... w* = (A*)"'b (12)

Note that vector w* in Equation (12) above is now a vector of dollar investments in our basis assets rather than
asset weights as in Equation (4) above. Using Equation (12) above the solution to focus asset price at time zero
is...

3
bo =Y Wi (13)

Redundant Asset Price Proof

The price of the focus asset (by) at time ¢ is the price that prohibits arbitrage. Using the definition of no-arbitrage
above we set the conditions that the price of the focus asset must adhere to...

wiv1 + wavo + w3vs — bo =0
wiay + weayz +wsaiz — by =0

wiagy + Waage + waazz — by =0

wiaz1 + weaze + wzazz — bz =0 (14)

The Solution to Our Hypothetical Problem

Using Equation (1) above and the data from our hypothetical problem the equation for the basis assets payoff
matrix A is...

a11 Q12 Aais 105 105 105
A= 21 Q22 Aa23| = 80 120 160 (15)
az1 632 a33 50 100 200

Using Equation (11) above and the data from our hypothetical problem the equation for the basis assets total return
matrix A* is...

CL11/’01 012/’01 (113/111 105/100 105/100 105/100
A = (121/7)2 (IQQ/'UQ agg/’UQ = 80/95 120/95 160/95 (16)
agl/Ug 032/1)3 a33/’03 50/92 100/92 200/92

Using Equation (2) above and the data from our hypothetical problem the equation for the focus asset payoff vector
b is...

[ 40
b= |b| =20 (17)
b 50

Using Equation (3) above and the data from our hypothetical problem the equation for the basis asset price vector
v is...

V1 100
V= |u|=1|9 (18)
V3 92

Method One - The solution to the price of the focus asset at time zero is...
= 1.238
w=A"'b= |-1.750| ..such that... by = Vw’ = 49.56 (19)
1.000

Method Two - The solution to the price of the focus asset at time zero is...

3
W* = (A")'b ..such that... by = > W; = 49.56 (20)
=1



Using Equations (14) and (19) above the proof that the focus asset price at time zero is the no-arbitrage price is...

(1.238)(100) — (1.750)(95) + (1.000)(92) — 49.56 = 0
(1.238)(105) — (1.750)(80) + (1.000)(50) — 40 = 0
(1.238)(105) — (1.750)(120) + (1.000)(100) — 20 = 0
(1.238)(105) — (1.750)(160) + (1.000)(200) — 50 = 0 (21)

Summary: Per Equations (19), (20) and (21) above the payoffs on the focus asset at time ¢ given the state of the
world at that time can be perfectly replicated by the creation of a hedge portfolio consisting of a long position of
1.238 of asset S7, a short position of 1.750 of asset Sy, and a long position of 1.000 of asset S3. The cost to set up
this hedge portfolio at time zero is $49.56, which is therefore the price of the focus asset at time zero.



